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Abstract
We investigate the connection between lozenge tilings and domino tilings by intro-
ducing a new family of regions obtained by attaching two different Aztec rectangles.
We prove a simple product formula for the generating functions of the tilings of the
new regions, which involves the statistics as in the Aztec diamond theorem (Elkies,
Kuperberg, Larsen, and Propp, J. Algebraic Combin. 1992). Moreover, we consider
the connection between the generating function and MacMahon’s q-enumeration of
plane partitions fitting in a given box
Keywords: Domino tilings, lozenge tilings, perfect matchings, plane partitions,
urban renewal
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1. Introduction
A plane partition is a rectangular array of non-negative integers so that all
columns are weakly decreasing from top to bottom and all rows are weakly de-
creasing from left to right. A plane partition having a rows and b columns with
entries at most c is identified with it 3-D interpretation — a stack of unit cubes
fitting in an a × b× c box. The latter stack in turn corresponds to a lozenge tiling
of a centrally symmetric hexagon of side-lengths a, b, c, a, b, c (in clockwise order,
starting from the northwest side) on the triangular lattice. We denote this hexagon
by Ha,b,c (see Figure 1.1(a) for an example). Here, a lozenge (or unit rhombus) is
union of any two unit equilateral triangles sharing an edge; and a lozenge tiling of
a region (on the triangular lattice) is a covering of the region by lozenges so that
there are no gaps or overlaps.
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Figure 1.1: (a) The hexagon H3,4,7. (b) The Aztec diamond AD4. (c) The Aztec rectangle AR4,6.
Let q be an indeterminate. The q-integer [n]q is defined as [n]q := 1+q+. . .+q
n−1.
MacMahon [9] proved that
∑
pi
q|pi| =
a∏
i=1
b∏
j=1
c∏
k=1
[i+ j + k − 1]q
[i+ j + t− 2]q , (1.1)
where the sum is taken over all plane partitions pi fitting in an a × b × c box and
where |pi| is the number of unit cubes in pi (i.e. the volume of pi). By letting q = 1,
this deduces that
T
(
Ha,b,c
)
=
a∏
i=1
b∏
j=1
c∏
t=1
i+ j + t− 1
i+ j + t− 2 , (1.2)
where we use the notation T(R) for the number of tilings of a region R.
We now consider regions on a different lattice, the square lattice. On this lattice,
we are interested in domino tilings–coverings of a region by dominoes so that there
are no gaps or overlaps. Here, a domino is union of any two unit square sharing an
edge. Two central objects in enumeration of domino tilings are the Aztec diamond
(see Figure 1.1(b) for the Aztec diamond of order 4) and its natural generalization,
the Aztec rectangle (see Figure 1.1(c) for an Aztec rectangle of order 3 × 5). We
denote by ADn the Aztec diamond of order n, and ARm,n the Aztec rectangle of
order m × n. One of the crucial results in enumeration of domino tilings is Aztec
diamond theorem by Elkies, Kuperberg, Larsen and Propp [2, 3], which will stated
in the next paragraph.
Let T be a domino tiling of ADn. We denote by r(T ) is the smallest number of
elementary moves (90◦ rotation of a 2×2 block consisting of two vertical or horizontal
dominoes as in Figure 1.2) to obtain the tiling T from the minimal tiling T0—the
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Figure 1.2: The elementary moves: rotation of a 2×2 block consisting of two vertical or horizontal
dominoes.
(a) (b) (c) (d)
Figure 1.3: Obtaining the other tilings of AD2 from the minimal tiling on the left by using the
elementary moves.
tiling consisting of all horizontal dominoes. We call r(T ) the rank of the tiling T .
For example, the tilings in Figures 1.3(b), (c), (d) have ranks 1,2,5, respectively. We
are also interested in half number of vertical dominoes in T , denoted by v(T ). The
Aztec diamond theorem says that the generating function of domino tilings of an
Aztec diamond with the two statistics r(T ) and v(T ) is given by a simple product
formula.
Theorem 1.1 (Aztec Diamond Theorem [2, 3]). For any positive integer n and
indeterminates t and q
∑
T
tv(T )qr(T ) =
n−1∏
k=0
(1 + tq2k+1)n−k, (1.3)
where the sum is taken over all tilings T of the Aztec diamond of order n.
The q = t = 1 specialization of Theorem 1.1 implies that the number of domino
tilings of the Aztec diamond of order n is equal to 2n(n+1)/2.
It seems that the enumeration of domino tilings and the enumeration of lozenge
tilings are two isolated topics. There is not many connections between these two
subfields. In the effort to find the connection between these two tiling enumerations,
we introduce a new family of regions on the square lattice, which are obtained by
attaching two different Aztec rectangles (see Figure 1.4 for an example). We call
these new regions double Aztec rectangles (we will present the precise definition of
a double Aztec rectangle in the next section).
We also investigate the generating function of the domino tilings of the dou-
ble Aztec rectangles involving the two statistics r(T ) and v(T ) as in the case of
the Aztec diamonds. We prove that the generating function is given by a simple
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Figure 1.4: The double rectangle DR4,7
3,6,2 is obtained by matching two Aztec rectangles AR4,7
(white) and AR3,6 (shaded).
product formula (see Theorem 2.2). More surprisingly, the latter formula is roughly
the product of an instance of the formula on the right-hand side of (1.3) in Aztec
diamond Theorem and an instance of the expression on the right-hand side of (1.1)
in MacMahon’s Theorem. This means that one can view our family of double Aztec
rectangles as a “bridge” connecting the enumerations of domino tilings and lozenge
tilings.
2. Rank of a tiling, the minimal tiling, and the statement of main result
First, we give a precise definition of a double Aztec diamond as follows.
Consider two Aztec rectangles ARm1,n1 and ARm2,n2 withm1 ≤ n2 andm2 ≤ n2.
We match the southeast side of ARm1,n1 to the northwest side of ARm2,n2 so that
the first square on the southeast side of ARm1,n1 stays immediately on the right of
the (k+1)-th square of the northwest side of ARm2,n2. We denote by DRm2,n2m1,n1,k the
resulting region (see Figure 1.4; the white Aztec rectangle indicates ARm1,n1 and
the shaded one indicates ARm2,n2). In addition, we call ARm1,n1 and ARm2,n2 the
upper and lower parts of the double Aztec rectangle, respectively.
We notice that, in general, the double Aztec rectangle D := DRm2,n2m1,n1,k does
not admit a tiling consisting of all horizontal dominoes. This means that we need
another candidate for the minimal tiling of the double Aztec rectangle as follows.
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Figure 2.1: The minimal tiling of the double Aztec rectangle DR4,7
3,6,2.
We divide the region D into 3 disjoint parts (labelled by 1, 2, 3) as in Figure
2.1(a). In precise, part 1 is an Aztec diamond of order m1 on the top of the region;
part 2 is an Aztec rectangle ARm1+k,n1−m1 , where the top and the bottom are shrunk
to size 1; and part 3 is the remaining. Next, we cover the parts 1 and 2 by vertical
dominoes, and the part 3 by horizontal dominoes (see Figure 2.1(b)). We call the
resulting tiling T0 the minimal tiling of the double Aztec rectangle. Similar to the
case of Aztec diamonds, we now define the rank r(T ) of a tiling T of the region D
to be the smallest number of elementary moves to obtain T from T0. We also use
the notation v(T ) for one half of the number of vertical dominoes in T .
Remark 2.1. The detailed explanation for the choice of the tiling T0 as the minimal
tiling will be shown in Section 5. However, we can explain intuitively as follows.
Similar to the correspondence of Fu and Eu in the case of Aztec diamonds [4], each
domino tiling T of the double Aztec rectangle are in bijection with a family of non-
intersecting lattice paths PT . Moreover, we will show that the difference between
the rank of the tiling T and the total area underneath the lattice paths in the family
PT is a constant, and that and the tiling T0 corresponds to the family having the
smallest underneath area. This justifies the choice of the minimal tiling T0.
The generating function of domino tilings of the double Aztec rectangle is given
by the theorem stated below.
Theorem 2.2. Assume that m1, m2, n1, n2 are positive integers, and k is a non-
negative integer so that m1 ≤ n1, m2 ≤ n2, k ≤ min(m2, n2 − 1), and n1 − m1 =
5
n2 −m2. Then
∑
T
tr(T )qv(T ) = t(
m1+1
2 )+(
m2+1
2 )+(n1−m1)(m1+k)/2qN+(n1−m1)(m1+k)+A
×
m1−1∏
i=0
(⋆′i)
m1−i
m2−1∏
i=0
(⋆i)
m2−i
n1−m1∏
i=1
m2−k+1∏
j=1
m1+k∏
t=1
[i+ j + t− 1]q2
[i+ j + t− 2]q2 ,
(2.1)
where the sum is taken over all tilings T of the double Aztec rectangle DRm2,n2m1,n1,k,
where
N =m1(m1 + 1)(n1 − 1)−m2(m2 + 1)(n2 − 1)
+ (n1 −m1)(2m22 +m2m1 +m2n1 + k2 + 2km1 +m1n1 + k −m2),
and
A =
2m2(m2 − 1)(m2 + 1)
3
+ (m2 − k + 1)(m2 + n2 − 1)(n1 −m1)
+
m1(m1 + 1)(2k + 2m1 + 2n2 − 1)
2
,
and where ⋆i = q
2m2+2n2−3(1 + t−1q−2i−1) and ⋆′i = q
2m2+2k+1(1 + t−1q2i+1).
By letting t = q = 1, we deduce the following elegant corollary from Theorem
2.2.
Corollary 2.3. Assume that m1, m2, n1, n2 are positive integers, and k is a non-
negative integer so that m1 ≤ n1, m2 ≤ n2, k ≤ min(m2, n2 − 1), and n1 − m1 =
n2 −m2. Then
T
(DRm2,n2m1,n1,k
)
= 2(
m1+1
2 )+(
m2+1
2 ) T (Hn1−m1,m2−k+1,m1+k) . (2.2)
Equation (2.2) shows an interesting connecting between the two types of tilings:
domino tilings (on the left-hand side) and lozenge tilings (on the right-hand side).
We recommend the reader to [7] and [8] for more results of the same flavor.
The goal of this paper is to prove Theorem 2.2. The rest of this paper is organized
as follows. In Section 3, we introduce several fundamental results in the subgraph
replacement method. These fundamental results will be employed to prove the key
lemma of the paper (Lemma 3.4). Next, in Section 4, we give an exact formula for a
weighted sum of the domino tilings of a double Aztec rectangle (see Theorem 4.1).
Finally, in Section 5, we present a proof of Theorem 2.2 by using Theorem 4.1.
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3. Subgraph replacements
In this section, we introduce a powerful method in enumerating of tilings, the
subgraph replacement method.
A general lattice divides the plane into disjoint fundamental regions (which are
unit squares on the square lattice, and are unit equilateral triangles on the triangular
lattice). We define a tile to be the union of any two fundamental regions sharing
an edge (which is a domino on the square lattice, and a lozenge on the triangular
lattice); and the tiling of a region in a covering of the region by tiles so that there
are no gaps and overlaps as usual. In this section we allow tiles of a region carry
weights. We use the notation M(R) for the sum of weights of all tilings in R, where
the weight a tiling is the product of weights of its tiles. We call M(R) the tiling
generating function of R. In the unweighted case, M(R) is exactly the number of
tilings of R.
A perfect matching of a graph G is a collection of disjoint edges covering all
vertices of G. The tilings of a region R can be identified with the perfect matchings
of its dual graph (the graph whose vertices are fundamental regions in R and whose
edges connect precisely two fundamental regions sharing an edge). If R is a weighted
region, we assume that each edge of its dual graph caries the same weight as the
corresponding tile. In the view of this, we use notation M(G) for the sum of weight of
all perfect matchings of the weighted graphG, where the weight a perfect matching is
the product of weights of its edges. M(G) is called the matching generating function
of G.
Next, we present several fundamental replacement rules, which allow us replace
a subgraph of a graph G by a new subgraph, so that M(G) does not change or
changes in a predictable way.
A forced edge of a (weighted) graph G is an edge contained in any perfect match-
ings of G. If we remove several forced edges e1, e2, . . . , ek from G, then we get a new
graph G′ and
M(G) = M(G′)
k∏
i=1
wt(ei),
where wt(ei) is the weight of the edge ei.
The following useful lemma is a special case of Lemma 1.3 in [1].
Lemma 3.1 (Vertex-Splitting Lemma). Let G be a graph, v be a vertex of it, and
denote the set of neighbors of v by N(v). For any disjoint union N(v) = H ∪ K,
let G′ be the graph obtained from G \ v by including three new vertices v′, v′′ and x
so that N(v′) = H ∪ {x}, N(v′′) = K ∪ {x}, and N(x) = {v′, v′′} (see Figure 3.1).
Then M(G) = M(G′).
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Figure 3.1: Vertex splitting rule
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∆ = xz + yt
Figure 3.2: Urban renewal.
Lemma 3.2 (Star Lemma; Lemma 3.2 in [6]). Let G be a weighted graph, and let v
be a vertex of G. Let G′ be the graph obtained from G by multiplying the weights of
all edges incident to v by t > 0. Then M(G′) = tM(G).
The following result is a generalization (due to Propp) of the “urban renewal”
trick first observed by Kuperberg (see [10, Section 5]).
Lemma 3.3 (Spider Lemma). Let G be a weighted graph containing the subgraph
K shown on the left in Figure 3.2 (the labels indicate weights, unlabeled edges have
weight 1). Suppose that ∆ = xz + yt 6= 0. Suppose in addition that the four inner
black vertices in the subgraph K, different from A,B,C,D, have no neighbors outside
K. Let G′ be the graph obtained from G by replacing K by the graph K shown on
right in Figure 3.2, where the dashed lines indicate new edges, weighted as shown.
Then M(G) = (xz + yt)M(G′).
Next, we color the double Aztec rectangle DRm2,n2m1,n1,k by black and white so that
two neighbour unit squares have opposite colors and that the unit squares along the
southwest side of ARm1,n1 are white (see Figure 5.2 for an example). We assign
weights to the (colored) dominoes of a double Aztec rectangle as follows. Assume
that a, b, c, d, q are five positive numbers. We assign to each odd horizontal domino
(see Figure 3.4 for four types of dominoes) a weight b, each even vertical domino a
weight a, each even horizontal domino on the level k a weight cqk−1 (the bottom of
the region is on the level 0), and each odd vertical domino on the level k a weight
dqk. Denote by wt := wtc,da,b(q) the resulting weight assignment.
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(b)(a)
b a b a b a b a
d c dq cq dq2 cq2 dq3 cq3
b a b a b a b a
b a b a b a b a
dq cq dq2 cq2 dq3 cq3
dq2 cq2 dq3 cq3
dq4 cq4
cq4 dq5 cq5dq4
d c dq cq dq2 cq2
b b b
b b b
dq cq dq2 cq2 dq3 cq3
dq2 cq2 dq3 cq3 dq4 cq4
a/q
a/q a/q a/q
a/q a/q
Figure 3.3: The transformation in Lemma 3.4.
odd vertical even vertical odd horizontal even horizontal
Figure 3.4: Four types of colored dominoes.
If an Aztec rectangle ARm,n is assigned the weights as above, then we denote by
ARm,n = ARm,n(a, b, c, d, q) its dual graph rotated 45
◦ clockwise (see Figure 3.3(a)
for an example).
The connected sum G#G′ of two disjoint graphs G and G′ along the ordered
sets of vertices {v1, . . . , vn} ⊂ V (G) and {v′1, . . . , v′n} ⊂ V (G′) is the graph obtained
from G and G′ by identifying vertices vi and v
′
i, for i = 1, . . . , n.
Using the above fundamental subgraph replacement rules, we get the following
new replacement rule, which will be employed in our proof in the next section.
Lemma 3.4. Let G be a weighted graph, and {v1, v2, . . . , vn} an ordered set of its
vertices. Then
M(G#ARm,n(a, b, c, d, q)) = (ad+bc)
mqm(n−1)+(
m
2 ) M
(
G#|ARm− 1
2
,n−1(a/q, b, c, d)
)
,
where |ARm− 1
2
,n−1(a/q, b, c, d, q) is obtained from the graph ARm,n−1(a/q, b, cq, dq, q)
by removing the bottommost vertices, and appending a vertical edge to each of the
bottommost vertices of the resulting graph; and where the connected sum acts on
G along the ordered set {v1, v2, . . . , vn}, and on the other summands along their
bottommost vertices ordered from left to right (see Figure 3.3).
Proof. The proof is illustrated in the Figure 3.5, for m = 3 and n = 4. First,
we apply Vertex-splitting Lemma 3.1 to all vertices of ARm,n(a, b, c, d, q) as in Fig-
ures 3.5(a) and (b). Apply the Spider Lemma 3.3 around mn shaded cells, and
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Figure 3.5: Illustration of the proof of Lemma 3.4, where ∆ := ad+ bc.
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remove all edges incident to a vertex of degree 1, which is forced edges (see Figure
3.5(b)). This way, G#ARm,n(a, b, c, d, q) is transformed into G#|ARm− 1
2
,n−1, where
|ARm− 1
2
,n−1 is the weighted version of the graph |ARm− 1
2
,n−1 illustrated in Figure
3.5(c). Next, we divide the graph |ARm− 1
2
,n−1, except for its vertical edges, into
m(n−1) subgraphs restricted by the dotted squares as in Figure 3.5(c). Apply Star
Lemma 3.2 with factor t = ∆qi+j−2 to the central vertex of the dotted square in row
i (from bottom to top) and column j (from left to right). Finally, we get the graph
G#|ARm− 1
2
,n−1(a/q, b, c, d). By Spider, Graph Splitting, and Star Lemmas, we get
M (G#ARm,n(a, b, c, d, q)) =
∏
1≤i≤m
∏
1≤j≤n
∆qi+j−2 ·M
(
G#|ARm− 1
2
,n−1
)
=
∏
1≤i≤m
∏
1≤j≤n
∆qi+j−2
∏
1≤i≤m
∏
1≤j≤n−1
(∆qi+j−2)−1
×M
(
G#|ARm− 1
2
,n−1(a/q, b, c, d)
)
,
and the lemma follows.
4. Weighted Double Aztec rectangles
Consider the double Aztec rectangle DRm2,n2m1,n1,k, where its dominoes are weighted
by the weight assignment wt := wtc,da,b(q) (defined in the previous section). To spec-
ify the weight assignment, we denote by DRm2,n2m1,n1,k(a, b, c, d, q) the weighted double
Aztec rectangle. The tiling generating function of this weighted region is given by
the theorem stated below.
Theorem 4.1. Assume that a, b, c, d, q are positive numbers. Assume in addi-
tion that m1, m2, n1, n2, k are positive integers so that m1 ≤ n1, m2 ≤ n2, k ≤
min(m2, n2 − 1), and n1 −m1 = n2 −m2. Then
M
(
DRm2,n2m1,n1,k(a, b, c, d, q)
)
= c(m2−k+1)(n1−m1)d(m1+k)(n1−m1)
×
m1−1∏
i=0
(∆′i)
m1−i
m2−1∏
i=0
(∆i)
m2−iqN/2
n1−m1∏
i=1
m2−k+1∏
j=1
m1+k∏
t=1
1− qi+j+t−1
1− qi+j+t−2 ,
where N is defined as in Theorem 2.2, and where ∆′i = q
k+m2+i(adq−i + bcq) and
∆i = q
m2+n2−2−i(adqi + bc).
We notice that the a = b = c = d = q = 1 specialization of Theorem 4.1 also
implies Corollary 2.3 in Section 2.
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(d)(c)(b)(a)
Figure 4.1: Applying the replacement in Lemma 3.4 repeatedly to transform the upper part of G
into the dual graph of the upper half of weighted hexagon.
12 13 14
8
9 10 11 9
9 10 11 12 13
7 8 9 10 11 12
6 7 8 9 10 11
53 4 6 7 8
2 3 4 5 6 7
1 2 3 4 5 6
0 1 2 3 4 5
10 11
8 9 10 11
7 8 9 10 11
6 7 8 9
54 6 7 8
4 5 6 7
4 5 6
4 5
(a) (b)
Figure 4.2: Illustration of the proof of Theorem 2.2. The shaded diamond with label x have edge-
weight a, b, dqx, cqx (in cyclic order, start from the northwest side); and the baseless triangle with
label y have the left and right edge-weights cqy and dqy, respectively.
12
Vertical LeftRight
Figure 4.3: Three types of lozenges.
Proof. Consider the dual graph G of DRm2,n2m1,n1,k(a, b, c, d, q). Divide the graph G into
three parts by two dotted horizontal lines as in Figure 4.2(a).
Apply the replacement in Lemma 3.4 to the top part of G, which is isomorphic to
ARm1,n1(a, b, cq
k+m2+1, dqk+m2, q). In particular, we replace this portion of G by the
graph |ARm1− 12 ,n1−1
(a/q, b, cqk+m2+1, dqk+m2, q). Viewing m1−1 rows of diamond in
the latter graph as the weighted Aztec rectangle graph
ARm1−1,n1−1(a/q, b, cq
k+m2+2, dqk+m2+1, q), we can apply the replacement in Lemma
3.4 again. Keep applying this process as in the Figure 4.1 (where the weights are
not shown). This way we transform the upper part into a dual graph of the upper
half of a weighted hexagon (see the replacement above the dotted lines in Figure
4.2 for the case when m1 = 3, n1 = 5, m2 = 4,n2 = 6, k = 3; the dual graph G is
illustrated by the graph restricted by the bold contour in Figure 4.2(a)).
Similarly, we transform the bottom part ofG, which is isomorphic to the weighted
Aztec rectangle graph ARm2,n2(a, b, cq
m2+n2−2, dqm2+n2−2, q−1) rotated by 180◦, into
the dual graph of the lower half of some weighted hexagon (see the replacement
below the dotted lines in Figure 4.2. Finally, we remove forced vertical edges in the
resulting graph.
This way, the dual graph G of the region is transformed into the dual graph of
a weighted lozenge hexagon H := Hn1−m1,m2−k+1,m1+k (see the graph restricted by
the bold contour in Figure 4.2(b)). In particular, the lozenges in H are weighted
as follows. All vertical lozenges are weighted by 1. A left lozenge is weighted by
cqm2+i, where the Euclidian distance between the left side of the lozenge and the
southwest side of the hexagon is i
√
3/2. Finally, a right lozenge has weight cqm2+i,
where the distance from the lower-left vertex of the lozenge to the southwest side
of the hexagon in i
√
3/2. Figure 4.4(c) shows a weight assignment for the lozenges
in a sample tiling of H for the case k = 2, m1 = 3, m2 = 4, n1 = 7, n2 = 8, in
which each left lozenge with label x is weighted by cqx; and each right lozenge with
label y is weighted by dqy, and all vertical lozenges are weighted by 1. By the above
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replacement process and Lemma 3.4, we have
M(G) =
m1−1∏
i=0
(∆′i)
m1−iq(m1−i)(n1−i−1)+(
m1−i
2 )
×
m2−1∏
i=0
(∆i)
m2−iq−(m2−i)(n2−i−1)−(
m2−i
2 ) ·M(H), (4.1)
where ∆′i = q
k+m2+i(adq−i + bcq) and ∆i = q
m2+n2−2−i(adqi + bc).
Now, each lozenge tiling T of the hexagon H corresponds to family of n1 −m1
disjoint lozenge-paths consisting of left and right lozenge P = (P1, P2, . . . , Pn−m)
(see Figure 4.3 for three orientations of a lozenge), where Pi starts from the lozenges
containing the i-th triangle on the north side and ends at the lozenges containing
the i-th triangle on the south side (see Figure 4.4(b)).
We notice that all lozenges, which are not on the paths Pi’s, are vertical and
have weight 1. Thus, the weight of the tiling T equals wt(P ) =
∏n1−m1
i=1 wt(Pi),
where wt(Pi) is the product of the weights of lozenges on the path Pi.
Each path Pi has m2−k left lozenges and m1+k right lozenges. Moreover, if one
moves from the bottom of the path Pi, the j-th right lozenge has weight dq
m2+i+j−1
(i.e. has label m2+ i+ j−1 Figure 4.4(c)). Next, we re-assign to each right lozenge
a weight 1, and divide weights of left lozenges on Pi by cq
m2+i−1. We get a new
weight assignment wt′ and
wt(Pi) = wt
′(Pi)c
m2−kq(m2+i−1)(m2−k)dm1+k
m1+k∏
j=1
qm1+m2+k+i−j,
where wt′(Pi) is the new weight of Pi. Multiplying the above equations, for i =
1, 2, . . . , n1 −m1, we obtain
wt(P) =wt′(P)c(n1−m1)(m2−k)q(n1−m1)m2(m2−k)+(m2−k)(
n1−m1
2 )d(m1+k)(n1−m1)
×
n1−m1∏
i=1
m1+k∏
j=1
qm1+m2+k+i−j. (4.2)
We can see that in the weight assignment wt′, all right and vertical lozenges
are weighted by 1; and a left lozenge is weighted by i, where i
√
3/2 is the distance
between the left side of the lozenge and the southwest side of the hexagon (see Figure
4.4(d) in which each left lozenge with label x is weighted by qx).
Since only left lozenges have weights different from 1 in the new weight assign-
ment wt′, wt′(P) = qs, where s is the sum of all labels of left lozenges as in Figure
4.4(d).
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Figure 4.4: (a) Each lozenge tiling T of the lozenge hexagon H corresponds to stack of unit cubes
fitting in a (n1 −m1) × (m2 − k + 1) × (m1 + k) box. A white lozenge indicates the upper face
of a column of unit cubes, and its label shows the number of unit cubes in the column. (b) Each
lozenge in a tiling T of H corresponds to a family of n1 −m1 distinct lozenge-paths Pi’s. (c) The
weight assignment of lozenges in the tiling T (d) The weights of lozenges in the tiling T after the
weight changing (the lozenges with no label are weighted by 1).
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Figure 5.1: Decorating the dominoes by steps of Schro¨der paths.
Each lozenge tiling T of the lozenge hexagon H corresponds to plane partition
pi (a stack of unit cubes) fitting in a (n1 − m1) × (m2 − k + 1) × (m1 + k) box
(see Figure 4.4(a)). However, one readily sees that the sum of labels s gives us the
number of unit cubes in the complement pic of the plane partition pi. Taking sum
over all tilings T , by (4.2), we get
∑
T
wt(T ) =
∑
P
wt(P) = K
∑
P
wt′(P)
= K
∏
pi
q|pi
c| = K
∏
pi
q|pi|,
where the products are taken over all plane partitions pi fitting in a (n1 − m1) ×
(m2 − k + 1)× (m1 + k) box, and where
K = c(m2−k+1)(n1−m1)d(m1+k)(n1−m1)q
(n1−m1)
2
(2m22+m2m1+m2n1+k
2+2km1+m1n1+k−m2).
By MacMahon’s theorem (1.1), we have
∑
T
wt(T ) = K
n1−m1∏
i=1
m2−k+1∏
j=1
m1+k∏
t=1
[i+ j + t− 1]q
[i+ j + t− 2]q .
Then the theorem follows from (4.1).
5. Proof of Theorem 2.2
Similar to the case of lozenge tilings of a hexagon, the domino tilings of the
double Aztec rectangle DRm2mn2m1,n1,k correspond to families of non-intersecting paths
as follows.
Label the centers of vertical steps on the lower south-western boundary of the
region by u1, u2, . . . , um2, and the centers of vertical steps on the upper north-western
boundary by um2+1, um2+2, . . . , um2+n1. Next, we label the centers of vertical steps
on the lower south-eastern boundary by v1, v2, . . . , vn2 , and the centers of vertical
steps on the upper north-eastern boundary by vn2+1, vn2+2, . . . , vn2+m1 (see Figure
2.1 for the case when m1 = 4, n1 = 8, m2 = 3, n2 = 7, k = 2).
We color the region black and white so that two squares sharing an edge have
opposite colors and that the unit squares along the southwest side ARm1,n1 are
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Figure 5.2: (a) A domino tiling of a double Aztec rectangle corresponds to a family of non-
intersecting (partial) Schro¨der paths. (b) The correspondence for the minimal tiling T0.
Figure 5.3: An elementary move raises the rank of the tiling T by one (left-to-right, respectively) if
and only if the corresponding family P of non-intersecting Schro¨der paths increases the underneath
area by one.
white. Given a tiling T of the double Aztec rectangle, we decorate its dominoes as
in Figure 5.1. Then the tiling T corresponds to a family of non-intersecting paths
P = (P1, P2, . . . , Pm1+n2), where Pi connects ui and vi (see Figure 5.2).
We notice that the path Pi is a part of a Schro¨der path (a lattice path on the
square lattice starting and finishing on the x-axis, and using only (1, 1), (1,−1) and
(0, 2) steps so that it never go below x-axis). We also remark that the above corre-
spondence between domino tilings and families of non-intersecting Scho¨der paths is
inspired by Eu and Fu’s correspondence for the case of the Aztec diamonds [4].
As shown in Figure 5.3, each elementary move rising the rank of the tiling T by
one gives a deformation of some path in P increasing the underneath area by one
(here, the “ground” is the horizontal line passing u1 and v1). Thus, the difference
between the rank of a tiling T and the total underneath area of its corresponding
path family P does not depend on the choice of T . It is easy to see the path family
P0 corresponding to T0 has the smallest total underneath area (see Figure 5.2(b)).
That also explains the choice of T0 as the minimal tiling of the region in Section 2.
Proof of Theorem 2.2. We apply the weight assignment wtt,q1,1(q
2) to the dominoes of
the double Aztec rectangle DRm2,n2m1,n1,k. Consider a family of non-interesting (partial)
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Schro¨der paths P corresponding to a tiling T of the region. Denote by α(T ) we
exponent of q in the expression of the weight wt(P). We have r(T ) − α(T ) is a
constant that does not depend on T . Thus,
r(T )− α(T ) = r(T0)− α(T0) = −α(T0). (5.1)
By an explicit evaluation, one gets
α(T0) =
2m2(m2 − 1)(m2 + 1)
3
+ (m2 − k + 1)(m2 + n2 − 1)(n2 −m2)
+
m1−1∑
i=0
(2(m1 − i)(k + n2 + 2i) + (m1 − i)2)
=
2m2(m2 − 1)(m2 + 1)
3
+ (m2 − k + 1)(m2 + n2 − 1)(n1 −m1)
+
m1(m1 + 1)(2k + 2m1 + 2n2 − 1)
2
. (5.2)
Considering the numbers of up, down and level steps in the family of lattice
paths P (denoted by up(P), down(P), and level(P), respectively), we have
up(P) + down(P) + 2 level(P) = m2(m2 + 1) + 2(n1 −m1)(m2 − k + 1)
+ (n1 −m1)(m1 + k) +m1(m1 + 1),
so
v(T ) = up(P) + down(P)
=
m2(m2 + 1)
2
+ (n1 −m1)(m2 − k + 1) + (n1 −m1)(m1 + k)
2
+
m1(m1 + 1)
2
− level(P). (5.3)
By (5.1), (5.2) and (5.3), we have
∑
T
tv(T )qr(T ) = t
m2(m2+1)
2
+(n1−m1)(m2−k+1)+
(n1−m1)(m1+k)
2
+
m1(m1+1)
2 qα(T0)
∑
P
t− level(P)qα(T )
= t
m2(m2+1)
2
+(n1−m1)(m2−k+1)+
(n1−m1)(m1+k)
2
+
m1(m1+1)
2 qα(T0)
×M (DRm2,n2m1,n1,k(1, 1, t−1, q, q2)
)
,
and the theorem follows from Theorem 4.1.
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